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Permutations

On a set Q, a bijection m:Q—Q is also called
a “permutation of 7. Use perm to ab-
brev. “permutation”. A token is an element x € ().
Use Idq, for the identity perm, x — .

Composition. It will be convenient to have sym-
bols for composition in both directions. Use < as a
synonym of o. Thus

la:  Both [a> f](z) and [f<al(x) mean f(a(z)).

[Think of the triangle as pointing in the direction of data—ﬂow.]
Use 3°" for “the nt*-composition-power of 3”. E.g

1b: 8%() = B(B(B())).

and B°7! is the inverse function of 3, which we
will usually just write as 3'. When composition is
understood, we will write 3% rather than 3°°.

The Sq group. The set all permutations on €2 is
“the symmetric group on Q7 written Sg,.

DEFN: We will view permutation-composition
as going L-to-R; permutation af is o> 3, first
applying «, then B. So [af](z) is B(a(z)).

Hence triple (SQ, >, [dg) is a group.

NoOTE: Our L-to-R convention for permutations is
the opposite of Gallian’s textbook, but agrees with the
convention used in Prof. Miklos Bona’s Combinatorics
text, which you may be using next semester.

Orbits.
the set

For 8 € Sq, “the B-orbit of token x” is

Op(x) = {°%(2) [ ke 2},
together with the information that § maps 3°%(z)

to gl (x). A B-orbit is either finite [a K-cycle for
some posint K|, or is infinite, and is thus a copy of
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the add-one function mapping Z—Z. This last is an
“oo-cycle”, as “cycle” has come to mean ‘generated
by a single element’, in various branches of algebra.

Henceforth, the token-set is finite, of cardinality
N = |Q|. Further, writing the symmetric group as
Sy shall mean that Q is [1..N] or [0..N). O

Cycle-structure. Consider the following shuffle, 7,
of an Ace-through-King suit, 2. Our 7 goes from the
std order [top line|, to the order in the bottom line:

A 2 3 4 5 6 7 8 9 T J Q K
[o]T[3[QlA[7[4[6]|5[I[K[8]2]

This is called “the two-line presentation of 7. [if
the std token-order were understood, then just the bottom line
could be shown; the one-line presentation of 71'.] Here, the
tokens are the thirteen cards.

The cycle-structure of 7 is a listing of all its cy-
cles. Note that m maps A—9—5—A; this is a 3-cycle,
which I write as (A 95). |For emphasis or clarity, I might
write it as CA — 9 — 5) or, more typically, CA,?9, 5}]

This same cycle could be written as (95 A) or as
(5A9). Notice, however, that (59 A) is a different
cycle; indeed, 7(5) is not 9.

So the cycle-structure of 7 is

2ac ™ = (3) CA95) (2TJK) (4Q867).
Disjoint Cycle Notation [DCN]. In (2a), the cy-
cles are disjoint; no token occurs in more than one
cycle. Listing the cycles from left-to-right, first the
I-cycles [if any|, then the 2-cycles, etc. is an instance
of DCN, disjoint cycle-notation. The notation is
not unique; e.g, the multiple same-length cycles could
be listed in any order. Moreover, a cycle could be
written starting with any of its tokens. [See CCN, be-
low|. In DCN, if the token-set is understood, one may
omit writing the 1-cycles; e.g, our (2a) could be ab-
breviated as
2b: T = (CA95) (2TJK) (4Q867).
However, a full-DCN means to list all cycles, including
the 1-cycles.
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Canonical Cycle Notation [CCN]. When the to- Composing perms. In Sz, consider o := (14627)

ken set has a total-order,e.g [1.. N] or {a,b,c,d}, |omitting the l-cycles| and [ := (26) (54 7). We seek to

then we can use CCN, canonical cycle-notation: write af3 [recall, our perm-composition is L-to-R] in CCN.
Tracing tokens,

7. Write each cycle with its largest token first.
Y J (14627 26 547

1: List cycles L-to-R with first-tokens increasing. I 4 — 4 — T
7T o 1l o 1 — 1
For example, permutation 7 on ten tokens is 2 — 17— 7 —— 5
5 F—m 5 +—— 5 — 4
4 — 6 — 2 —— 2
T' o 1 2 3 4 5 6 7 8 9 A .
- [Bl8fof4f2]7]6[5[9]1] ’ Y o Y
. N 6 — 2 —— 6 —— 6
It 'has four cycles; one is (89 1); ho'weq.Jer CCN re- vields a 2-cycle, 3-cycle, and two I-cycles. Hence
quires the largest token first, so we write it as (9 18).
The other cycles are (¢6) and (4203) and (75). Ini- CCN(aB) = (3D (542) (6D (T1D.

tial tokens are 9,6,4,7; we put these in increasing
order as 4<6<7<9. Thus

I+ CCN(T) = (4203D (6 (75 C918).
CCN requires all cycles, including 1-cycles, be listed.

What is the CCN of 77'? To invert a DCN simply
reverses the order in each cycle; so a DCN of 77! is

(3024) C6) (57D (819).

But CCN needs each cycle to start with its largest
token. So

1 CCN(Tﬁl) = (4302 (6) CT5) (981D .

Cycle-signature [CySig] . The cycle-signature of
a permutation, lists the number of cycles of each
length, from shortest to longest, with the “exponent”
showing how many cycles of that length. For 7 above,
CySig(7) = [1%, 2%, 3", 4'|. A more interesting ex-
ample is perm 7 from (2a). CySig(m) equals

2c: [12, 3%, 47 2€ 12,20 31 42 50 |,

since 7 has two 1-cycles, one 3-cycle, and two 4-cycles.
Each perm v has CySig(v ') = CySig(v).
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Sign of a permutation

Several of the above concepts extend to permutations
on an oo token-set, but the sign of a permutation is
only defined for finite”! permutations. For a perm £:

v (3) counts the # of even-length 3-cycles.
3: 70d(3) counts the number of odd-length cycles.
Let #All(B) :== #Ev(B) + #Od(B).

For (2a), then, 7All(7) = 5 and "Ev(r7) = 2.

The sign of finite permutation [ is

38 Sgn(f) = [—1]#Ev(ﬂ).

Perm 3 is even [Sgn(B) = +1|, or odd [Sgn(B) = -1],
depending on whether #Ev(3) is even or odd.

A transposition is a permutation comprised of a
single 2-cycle; its CySig is [11V 2, 211,

Every permutation on a [finite| token-set is
a composition”? of transpositions.

The goal of the section to follow, is to prove this
important theorem.

4: Perm-sign thm. For permutations «,f € Sgq
on a finite token-set: Sgn(a/3) = Sgn(a)-Sgn(S) and

Sgn(a™l) = [Sgn(a)]f1 2% Sen(a).

Consequently, Sgn is a group-homomorphism from

(SQ7 >, [dQ) to ({il} . 1) O

We'll prove this in class on Wedn., 050ct.

“IMore generally, for permutations of finite support.

“21If perm 8 fixes every token then S is the empty composition.
Else there is a token z such that y := 8(x) # z; so composition
B Cy,x) fixes at least one more token than did 3, hence is a
composition of transpositions.

Filename: Problems/Algebra/permutation-basics.latex

Page 3 of 3



