Complex Analysis homework.

by Energetic Plex Student, Aug. 2021
[Soo source file for additional info]

Most of C.  Use P := PBaly(0) for the Punctured
plane, and L := C \ (-00,0] for the sLit-plane. [

1: Log-Abs Lemma.  Functions u(z) := In(|z|) on P,
and v(z) = Arg(z) on L, are harmonic. O

Pf abstract. On P, fnc Log has real and imaginary
parts u(z) == In(|z|) and v(z) := Arg(z). Locally, Log
is holomorphic except for the jump-discty of Arg on
the negative real-axis. Consequently, u is harmonic
on P, and v is harmonic on the slit-plane. ¢

Pf direct. Let S := x? + y2. Then u = In(S'/2), giving
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Pf direct. |Argument is slightly annoying due to the arbitrary choices,
arctan() on (-Z,7) and Arg() on (-, 7], in the relevant defns.]

For >0, note v(z) = arctan(y/x). The Chain rule
asserts
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After negation, v, is symmetric with v,. Conse-
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[Cases #<0 and =0 are left to the reader.] ¢

quently, vy, = showing v to be harmonic.

Webpage http://people.clas.ufl.edu/squash/

2: H-H Lemma. Suppose R A é ), where A Q) are
open subsets of C. If h is harmonic and f holomor-
phic, then ho f is harmonic. O

Pf abstract. Fix pe() and an open ball BCQ) about f(p).
As [ is cts, its inverse-image f'(B) is open. So:

It suffices to show ho f is harmonic on f(B)|.

On B, our h has an harmonic conjugate E, since
B is simply-connected. On B, then, H = h + i/ holo-
morphic, whence H o f is holomorphic on f~'(B).

Thus ReoHof 22 hof is harmonic on f(B). 4

Pf computation. Let f := u+ iv and G := hof, i.e,

Gy) = h(u@y),vy).
Then
Gz = hyu, +

hyVy Thus

Gy = [huuu$ + huvvx]'uz + hy-ugg
4+ [hvuts + hwVe] Ve + hyVgg . Similarly,
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+ [hvuly + BuwVy]-vy + hyvy, .

Sum hy-ugy + hy-uyy = hy[uyy+uzsz] = 0, since u is
harmonic. And v is harmonic, so &, + &, equals
huuiguy = RuyVally = Ryylinve - n Vg Vs
4 hyulyuy + AyyVyly + AyyUyVy + Ay Vyvy, .
Our C-R eqns permit replacing each v, by u,, and

each v, by [-u,]. The rewritten AG is

huwugug + hyy [7uy]um + hyug [7U;1/} + hyy [7Uy} [7Uy}

+ huuuyuy + hyvuguy  + hyuyuz + Awugzug .

The rightmost blue term above green cancel out. The
leftmost cyan above red cancel. So AG equals
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= [huu + ] - [[ua]? + [val]

The leftmost bracket is zero, since h is harmonic. ¢
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