Complex Analysis homework.

by Energetic Plex Student, April 2023

P

jk#Laurent series Compute the power-series

= 1
> B,z" for F(z) = Sy on ball B := Bals(0).
n=0 Z =

o0
For F'(), compute Laurent series ). A,z" on an-
nez

nulus A = Annic(()).

Ball. Using a convergent geometric series: For z € B,

1 1 1 & pzn
F(Z):3'1_§:3'nz::0{3}. Hence,
=l
T: B’I[ZO = W and Bfl<0 = 0 ’

Annulus. For z € A,

11 1 & 37k
F(z):;'1_§:;'2{;] Hence,
z k=0
) 1
I: AnZO =0 and Ao = pran ¢
Coeff formula. Centered at zg, thm 8.25, P.120 of
FiCA says
g(z) = > Coefy - [z — zo]", where
nez
1
Coef,, = — ﬂdw

2ri C [w . ZO]n—H )

for appropriate contour C, with z in the correct set.[]

Ball via residues. In our case, the above integrand is
H,(w) = ﬁ/w”“. Thus

Coef. — [Sum of H, residues}
™ "~ |enclosed by C.

g n Hz:l [7]/”‘} n!- [71]71
Looking ahead, F(")(z) = o3 — ;g
Computing

F®) -1
Forn>0: Res(H,,0) ar '(0) = .
% n: 3n+

since H,, is holomor-

Forn<0: Res(H,,0) = 0, phic at 0.

This agrees with the B,, coefficients from (t), above.4

Webpage http://people.clas.ufl.edu/squash/

Annulus via residues. Now our SCC C encloses both 3
and 0, so we sum residues at both. By CIF,

1

For n € Z: RCS(Hn,3) = W

Now A, = Res(H,,3)+ Res(H,,0), so (x) gives

-1
A= et (7 i)
0 ,when n >0
N {%L. ,Whenn<0}.
And this agrees with (). ¢

Page 1 of 1



